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ON AITCHISON’S CONSTRUCTION BY ISOTOPY

DANIEL SILVER

ABSTRACT. We describe a method introduced by I. Aitchison for constructing
doubly slice fibered n-knots. We prove that all high-dimensional simple doubly
slice fibered n-knots can be obtained by this construction. (Even-dimensional
n-knots are required to be Z-torsion-free.) We also show that any possible
rational Seifert form can be realized by a doubly slice fibered classical knot.

Introduction. In his Ph.D. thesis [1] Iain R. Aitchison introduced a technique
for obtaining doubly slice fibered (n — 2)-knots in S™ called construction by isotopy.
Aitchison proved that the doubly slice knot kff — k is constructible by isotopy for
any fibered (n — 2)-knot k C S™, n > 3. He then made the provocative conjecture:
Every doubly slice fibered knot is constructible by isotopy. This general conjecture
remains unsettled.

We begin with a review of construction by isotopy. In §2 we study the odd-
dimensional knots arising from the construction; in this case a Seifert matrix can
be computed immediately from the initial data. Consequently, we verify Aitchison’s
conjecture for simple (2¢ — 1)-knots, ¢ > 2.

Construction by isotopy was explored for classical knots in [2]. We apply the
main result of that paper in order to gain information about possible Seifert ma-
trices for doubly slice fibered classical knots.

In the final section we combine construction by isotopy and Kojima’s classifica-
tion of simple Z-torsion-free fibered 2¢-knots, ¢ > 4, in order to obtain necessary
and sufficient conditions for such a knot to be doubly slice. Our characterization
uses L.P. matrices and achieves a very simple form similar to Sumner’s results for
odd-dimensional knots [15]. Previously Kearton had obtained a criterion using
F-forms. We verify Aitchison’s conjecture also for this case.

We intend to examine construction by isotopy from a more geometric point of
view in a future article.

All manifolds in this paper are smooth and oriented. Maps are smooth. Homol-
ogy groups have integer coefficients, and homomorphisms are induced by inclusion
unless otherwise indicated.

An (n — 2)-knot, n > 3, is a submanifold k of the n-sphere S™ which is diffeo-
morphic to S*~2. The knot is trivial if it bounds an embedded ball. We say that
k is fibered if the closure of S™ — nbd(k) admits a locally trivial fibration over S*
(we require that the fibration restricted to the boundary be trivial).

A ball pair (B"*!,D""1) is fibered if the closure of B"*! — nbd(D™"!) fibers
over S!, as above. Note that in this case the boundary of the ball pair is a fibered
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642 DANIEL SILVER

(n—2)-knot. A ball pair (B™*!, D"~1) is invertible if there exists another ball pair
(B™+1, D3~1) such that D"~! = DF~! and the (n — 1)-knot created by the union
D"-'u Dy~ c B**!u Brt! = Sntl s trivial. In this case, the (n — 2)-knot
k = A8D"™! is said to be doubly slice, n > 3.

It is a pleasure to thank L. Richard Hitt and C. Kearton for helpful comments.
I also wish to thank Iain Aitchison for introducing me to this topic.

1. Constructing knots by isotopy. Let ¥ be a compact connected n-dimen-
sional submanifold of S™, n > 3. Choose a small n-ball B within ¥ such that
BNoX is an (n — 1)-ball D.

Let hy: S™ — S™, 0 <t < 1, be an isotopy such that hg = identity and h;,
restricted to ¥, is a diffeomorphism ¢: ¥ — X. Assume that h; preserves B, with
h; restricting to the identity. The diffeomorphism ¢ induces an automorphism
¢«: H (X)) — H,(}) for each r > 0. We will assume that identity —¢. is also an
automorphism for each r > 0.

Construct the mapping torus My = ¥ x4 S':

My = ¥ x [0,1]/{(=,0) ~ (¢(<), 1)}

We will identify ¥ with ¥ x {0} C My. Attach a 2-handle ~ along D x S* C M,
in order to obtain an (n + 1)-manifold W. It is easy to verify that W is a homology
ball.

PROPOSITION 1.1. IfW = B"*1  then (W, D) is an invertible fibered ball pair.

PROOF. It is obvious that (W, D) is fibered. To show that the ball pair is
invertible we generalize an argument in [2, §5]: Let B’ be a small n-ball in S™ —int ¥
such that B’ N dX = D. Recall that ¢ is the restriction of the diffeomorphism
hy: S® — S™. By further isotopy we may assume that h;, restricted to B’, is the
identity. Consider the mapping torus (S™ —int B’) x5, S, which is diffecomorphic to
B™ x S! (since h, is isotopic to the identity). Observe that D x S c "~ 1 x S =
0B’ x S'. Regard S®~! x D% as D}"! x D2 U D" ! x D?, and glue S"~! x D?
to 0B’ x S! first by attaching the 2-handle D} ™! x D? (= v) along D x S, and
then capping off with D™~ x D? to yield S**!. We obtain a trivial (n — 1)-knot
Sn—1 x {0} c S™~! x D? c S™t!. Moreover, the intersection of S*~! x {0} and
MyU~ =W is D. Hence (W, D) is invertible. O

COROLLARY 1.2 [1, PROPOSITION 6.6]. If W = B"*1, then k is a doubly
slice fibered (n — 2)-knot in S™. In particular, this i3 true when n > 5 and w1 (¥) =
T (6}() =1.

PROOF. The second assertion follows from the h-cobordism theorem. (See [12,
p. 108].) O

When an (n — 2)-knot k in S™ arises by the above construction we say that k is
constructible by isotopy.

CONJECTURE (AITCHISON [1]). Every doubly slice fibered (n — 2)-knot in S™,
n > 3, is constructible by isotopy.

2. Odd-dimensional case. Assume that ¥ =} ;59 x D91 C S29+1, where
d, q are positive integers. In this case, when W = B2¢+1 construction by isotopy
yields a simple doubly slice fibered (2¢ — 1)-knot k¥ C S29+!. (Recall that an
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FIGURE 1

(n — 2)-knot k C S™ is simple if m;(S™ — k) = m;(S!) for 1 < ¢ < (n—3)/2.) We
will compute a Seifert matrix for k:

Denote the boundary of ¥ by F. Choose embedded g-spheres Sy,...,S54, Si,...,
Sj C F — D (as in Figure 1) representing a symplectic basis ay,...,aq, b1,...,bq
for Hy(F). Regarding ¥ as a ball with g-handles h{,...,hJ, S! is a belt sphere of
the 7th ¢g-handle, and S; is a dual sphere, 1 <7 < d.

Let A = (aj;) denote the d X d matrix representation of the induced automor-
phism @.: Hg(¥) — Hg(¥), with respect to the basis for Hy(¥) represented by
S1y...,84.

Notice that the punctured manifold Fo = F —int D is a Seifert manifold (and a
fiber) for the knot k.

PROPOSITION 2.1 (1, pp. 65-66]. The monodromy (¢|r,)s: Hq(Fo) — Hq(Fo)
has matriz representation
M= (A 0 )
—\0 At)°

with respect to the basis for H,(Fy) represented by Sy,...,Sq, Sy,...,S;.
COROLLARY 2.2. The knot k has Seifert matriz

(p oo,

with respect to an appropriate basis for Hy(Fo). (Ig = d x d identity matriz.)

PROOF OF PROPOSITION 2.1. It suffices to show that the automorphism
(@|F)«: Hy(F) — Hy(F) has matrix representation M, with respect to ay,...,aq,
bi,...,bq. Let ¥ denote the dual handlebody of ¥, i.e. # = §2¢+! —int ¥. Each
g-sphere S; is null-homologous in ¥. Since ¢ is the restriction of the final map of
an ambient isotopy, the image ¢(S;) is also null-homologous in ¥. Hence

(BlF)s(ai) = Zaikaka 1<1<d.
k
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Similarly, each g-sphere S_;. is null-homologous in ¥, so
(BIF)e(b) =) Bjxbe,  1<j<d,
k

for some integers f;x. Since the intersection number a; - b; is 6;;, we have

(@lF)«(asi) - (81F)s( Zazkﬁ]k— ij

Hence (B;x)! = A~1. 0O
PROOF OF COROLLARY 2.2. The matrix

7= ((—1(;"14 I(;i)

describes the intersection pairing on Fp, with respect to the basis for Hy(Fp) rep-
resented by Si,...,84, S,...,Sj. Let V denote the corresponding Seifert matrix.
Then

M= (=1)91V-1yt and J=V 4+ (-1)7VE

(See [8], for example.) Hence J = V(I — M). Since I — M is invertible, V =
J(I — M)~1. Computation reveals

v=(cod—am TT07)

e_ (0 (=1)arial
PVP-—(M 0 :

_(I-At 0
P= ("7 cgpa)-

The calculations above have several interesting applications:
By [15] any doubly slice fibered (2g — 1)-knot in S2¢*1 has a Seifert matrix of
the form

0 R
¥ v=(3 )
where R and S are integral unimodular matrices of the same size d. We can apply
the congruence:
I; 0O 0 R I; 0 _ 0 RSt
0 S S 0 0 S)  \I4 0

to obtain an equivalent Seifert matrix Vp. Let A = (—1)9t1S~1R!. Since Vp +
(=1)9V¢ is unimodular, the matrix I — A is also.

Finally,

where
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COROLLARY 2.3. Any matriz of the form (%) is a Seifert matriz of a simple
(2g — 1)-knot tn S29+1 g > 2, constructible by isotopy.

PROOF. Decompose A into elementary matrices of the following type:
T;; = d X d matrix differing from I3 by +1 in the ¢j-position, ¢ # j.
U; = d x d matrix differing from I; by —1 in the 2i-position.
(See [13], for example.) Slide the g-handles of ¥ according to the decomposition. By
“sliding h?” we mean isotoping the attaching sphere of A in a collar neighborhood
of
(B* ¥t URiU---URL URL  U---UhY),

and then extending the isotopy over the remainder of $29+!, as in Figure 2. (Handle
slides should avoid B.) The restriction to ¥ of the final map of the isotopy is a
diffeomorphism ¢: ¥ — X. Moreover, the induced automorphism ¢.: Hy(¥) —
Hg(¥) has matrix representation A, with respect to the basis for Hy(}) represented
by Si,...,84. Corollary 2.2 now completes the proof. 0O

Corollary 2.3 says that any “possible” Seifert matrix can be realized by a doubly
slice fibered (2¢ — 1)-knot in S29+! ¢ > 2. Recall that for a simple (2¢ — 1)-knot
in §29+1 g > 2, the S-equivalence class of any Seifert matrix is a complete isotopy
invariant. (See [10].) Consequently, we obtain the following result which was stated
(but incorrectly proved) in [1, Theorem 6.5].

COROLLARY 2.4. Every simple doubly slice fibered (2¢ — 1)-knot in S29+1,
q > 2, is constructible by isotopy.

Finally, let (Qay, []) denote the rational Seifert form determined by (x). (See
(18].) We prove a result for classical knots.

COROLLARY 2.5. There exists a doubly slice fibered ribbon knot k C S3 with
rational Seifert form (Qay, []).

PROOF. By the theory of rational canonical matrices we can find a matrix P,
invertible over @, such that

P—IAP = dlag(C(fl)v e aC(fn))v

where f1,..., fn are the invariant factors of A = S™!R!, and C(f;) denotes the
companion matrix of f;. Denote P"1AP by D.

The characteristic polynomial of A is fi(t)--- fn(t). Since det A = +1, the
first and last coefficient of each f;(t) are £1. Also, since det(I — A) = %1, each
fi(1) = £1. By the results of [2] together with Proposition 2.1, we can find a
doubly slice fibered ribbon knot k C S3 with monodromy

(P i)

and corresponding intersection pairing

0 I
—I;; 0)

with respect to an appropriate basis, 1 < ¢ < n. Here d; = degree f;.
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Consider the composite knot k = k; § --- # k, C S3. With respect to an appro-
priate basis, k has monodromy
D o
0 D¢

and corresponding intersection pairing

0 I4
-I; 0)°
As in the proof of Corollary 2.2, k has Seifert matrix
0 Dt
n= (8 D).

By [16] the rational Seifert forms determined by V and V;, respectively, are
isometric iff V' and V; are rationally congruent. The latter is easy to see:

Pt 0 0 R\(P 0 \_(0 D) _
o pPts-t)\s o)\o stpt)=\1, o)

Question. Can we realize any possible (integral) Seifert form by a doubly slice
fibered knot in S3—perhaps by forming a connected sum of knots constructed in
[2]? We offer the following partial result, the proof of which follows from [11, p.
21].

COROLLARY 2.6. If the minimal polynomial of A has no repeated factors, then
(Qav, []) contains only finitely many integral Seifert forms.

3. Even-dimensional case. A simple fibered 2¢-knot k C §29+2 is Z-torsion-
free if my(S29+2 —k) has no Z-torsion. For such knots Kojima [9] has defined certain
matrices A, B of linking numbers. In general, A is an integral unimodular matrix
such that A — I is also unimodular. (Such a matrix is called s-unimodular.) Also, B
is a symmetric Z; matrix. The pair (A, B) is called an L.P. matriz. Kojima defines
an equivalence relation for L.P. matrices, and proves that any two simple fibered
Z-torsion-free 2¢-knots, g > 4, are isotopic iff their L.P. matrices are equivalent.

Let My (resp. M_) be an m x m (resp. n X n) integral s-unimodular matrix.
Let N be any m x n Z; matrix. We will say that the L.P. matrix (A, B) is doubly-
null-cobordant if A and B have the forms

_(My O (0 N
= (%) m=(w %)
THEOREM 3.1. Let k be any simple Z-torsion-free fibered 2q-knots in S29+2,
q > 4. The following statements are equivalent:
(1) k 18 constructible by isotopy.

(2) k 1s doubly slice.
(3) k has a doubly-null-cobordant L.P. matriz.

(Compare with results of Sumner [15, Theorems 2.3 and 3.1] for odd-dimensional
knots.)
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COROLLARY 3.2. Every simple Z-torsion-free doubly slice fibered 2q-knot in
S82a+2 g > 4, is constructible by isotopy.

PROOF OF THEOREM 3.1. (1) implies (2) is a consequence of Corollary 1.2.

We prove that (2) implies (3): Suppose that k is double slice. Then k = k. Nk_,
where (Bg, k. ) is a ball pair, € = %, and k4 Uk_ is the unknot in $29%3 = B, UB_.
Let K (resp. K.) denote the exterior of k in S29+3 (resp. k. in B¢). Then
K = K, N K_. By the van Kampen theorem, Hurewicz theorem and Mayer-
Vietoris sequence it follows that K. has the (¢ — 1)-homotopy type of S 1. Also,
H.(K)= H,(K;)® H.(K-) and H,(K) = ker(H,(K) — H,(K_¢)), r = ¢q,q + 1.
Here ~ denotes infinite cyclic covering space. All other homology groups vanish.
(These observations appear in [7].)

Since k is fibered, H,(K) and H,4(K) are finitely generated over Z. (In fact,
they are finitely generated free Z-modules of equal rank. See [9, p. 673].) Hence
H.(K.) is finitely generated over Z in all dimensions. By Serre’s theorem (see
(14, p. 509]) 7.(K.), and hence 7.(K.), is finitely generated in all dimensions.
Using the Browder-Levine fibration theorem [3] we can extend the fibration of k
over k.. More precisely, the fiber map K — S! extends naturally to a fiber map
0K, — S, regarding K, as the result of O-framed surgery on k C S29+3, By the
Browder-Levine theorem the latter fiber map extends to K.

Let F, denote the fiber of K.. Then F N F_ is the fiber Fy of the knot k. Also,
F, UF_ must be a (2¢+1)-ball in $29%3 since it is the fiber of the unknot k4 Uk_.
Since K, is diffeomorphic to Fr X R, we can identify H.(F.) (resp. H.(Fp)) with
H.(K) (resp. H.(K)). Then by the remarks above, H,(Fp) = H,(Fy) & H,(F_)
and H,(F,) = ker(H,(Fo) — H,(F-¢)), r =q,q+ 1.

If £ € Hy(F;) and y € Hgy1(F.), then the intersection number z - y must
vanish, since representative cycles for these classes are null-homologous in F_..
Consequently, the nonsingular intersection pairing

e: Hy(Fo) X Hy41(Fo) — Z
induces nonsingular pairings
o: Hy(Fe) X Hyp 1 (F_e) — Z.

Let by,...,bm (resp. b},...,b),) be a basis for the free Z-module Hy41(F;) (resp.
Hy41(F-)). Let ay,...,am (resp. af,...,a;) be a dual basis for Hy(F,) (resp.
Hy(F_)) with respect to intersection pairing.

By a result of Whitehead [19, p. 555] we have the short exact sequences

0 — Hy(Fo) < mg1(Fo) = Hep1(Fo) — 0
0— E’q(FE) = Ta+1(Fe) Le, q+1(Fe) — 0,

where H.(X) denotes the quotient module H.(X)/2H.(X). The maps h, h are
Hurewicz maps, while w, w, are obtained by composition with the nontrivial element
of mg4+1(S9).

We can find elements 81, ...,Bm € mq+1(F}) represented by disjoint embedded
(g + 1)-spheres in Fp, and such that hy(8;) = b;, 1 <7 < m. We can do this as
follows: Regard F, as Fy x I U (handles of index > ¢ + 1). (See [17, p. 24].) By
the Basis Theorem [12, p. 92] and Whitney trick ([12, p. 71], for example) we
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can slide the attaching spheres of appropriate (g + 2)-handles h;’+2, 1<:1<m,
past the belt sphere of each (¢ + 1)-handle h;“, 1 < 5 < m, so that the cores of
these (¢ + 2)-handles are disjoint properly embedded disks in F;+ representing the
basis b1, ..., b, for Hyto(Fy, Fo) (=2 Hq41(Fo)). Let By,. .., Bm be the homotopy
classes corresponding to the boundaries of these disks.

Similarly find 1, ..., 8, € Tq+1(F-) represented by disjoint embedded (g + 1)-
spheres in Fy, and such that h_(8}) = b;, 1<j<n.

Of course, the (g + 1)-sphere representing 3; may intersect the (g + 1)-sphere
representing ﬂ;. for various 7 and j. We will adjust 8y,..., B in order to obtain a
“nice basis” B1,...,Bm, Bi,. .., B, for the torsion free part of m441(Fo). (See [9].)
Fix 7, 1 <7 < m. The correspondence

b; = ’\(ﬂhﬂ;) € Z2a 1< .7 < n,

induces a homomorphism f: Hyy1(F-) — Z,. Here A denotes the generalized
intersection pairing introduced by Wall [18]. Since the induced pairing e: Hy(Fy)x
Hgy1(F_) — Z, is nonsingular, we can find an element @; € H,(F,) such that

f(§) =1u;-§, foreach§€ Hyy1(F-).
Let u; € Hy(F;) represent @;. Then the adjusted class f8; + w4 (u;) satisfies

A(Bi + w4 (i), B7) = A(Bs, B5) + Mw+(us), B5)
= X(Bi, Bj) + i - b; (see [18, p. 255])
= X8, B;) + f(b})
=0, 1<j<n

Similarly, since u; - by = 0,
ABi + wy (ui), Bk + w4 (uk)) =0, 1<k<m.

As before, the elements 81 + w4 (u1),--.,08m + wt(um) can be represented by
spheres that bound disjoint properly embedded (g+2)-disks in F: By [6, Corollary
1.1] we can find a properly embedded (g + 2)-disk in h?"‘l such that the boundary
is a (¢ + 1)-sphere in 89 x DI+2 C Ohg“ representing w4 (a)), 1 < j < n. Simply
pipe disjoint copies of these (g + 2)-disks together with the cores of h‘{+2, N
in the appropriate manner.

Replace each §; by 8; +w+(u;), 1 << < m. For convenience fy,.. ., By, will now
denote these adjusted classes. Then fy,...,8m,01,..., 3, is a nice basis, and we
can use it to compute an L.P. matrix (A, B) for k. By definition

_(0@ibr) (B(ai 1)
A‘(w¢@» mgﬁ»)

5= (G5 E00)

(0'(8;,8:)) (0'(B;,81)) )

As in [9], 6(a,b) is defined to be the linking number L(S,,7(Sy)), where S, (resp.
Sp) is an embedded sphere in F representing a (resp. b), and ¢: Fy — §29+2 — F,
is translation in the negative normal direction. Similarly, 6'(3, ') is the Z; linking
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number L'(S,#(S’)) in the sense of Haefliger [5], where S (resp. S’) is an embedded
sphere in Fy representing S (resp. (').

Since ¢ > 4, 0'(8;,8;) = 0'(B;,B:). (See [5].) The following lemma completes
the proof that (A, B) is a doubly-null-cobordant L.P. matrix.

LEMMA 3.3. e(a‘i,b_lj) = e(a;‘abi) =0, ol(ﬂia ﬁk) = 0,(,[3_»,,).3[/) =0,1< ia k <m,
1<4,l<n.

PROOF. Using the fibration of ki C By it is easy to see that a; and 7.V
are represented by spheres that bound disjoint properly embedded disks D; and
Dy, respectively, in By. Then 6(a;,b}) is the element of 7,4 (5?92 — dD;) = Z
represented by BD;-. But the inclusion map induces an isomorphism

Tq1(8%*2 —8D;) S 1,41(B - D)
since the ball pair (B4, D;) is unknotted when ¢ > 4. (See [6, Corollary 4.1].)
Hence 6(a;, b;) is trivial.
The remaining assertions follow in a similar way. O

We prove that (3) implies (1): Let k be a simple Z-torsion-free fibered 2¢-knot
in §29%2 ¢ > 4, with doubly-null-cobordant L. P. matrix (A, B), where

(M, 0 (0 N
= () 2= (w %)
We will construct by isotopy another such knot k¥’ with L.P. matrix (A4, B). It will
follow by [9, Theorem 3] that k and k’ are isotopic, and hence k is constructible by

isotopy.

Let m n
¥ =} SS9t x DIt | §9 x DI+? c §2+2,
=1 J=1

We will use the notation of §1. The g-spheres (1 x S9)q,...,(1 X SY)p,,
(89 x 0)3,...,(89 x 0),, represent a basis ay,...,am,a},...,a, for Hy(Fp). As
above, by Whitehead’s theorem [19, p. 555] we have a short exact sequence

0 — Hy(Fo) > Tat1(Fo) = Hoy1(Fo) — 0.
Let B1,---,0m,B,---, 0, denote the elements of w441 (Fp) represented by
(S9! % 0)1,...,(S9F X 0)pm, (1 x STH) ..., (1 x STH1),,.
Let Uy = (usk) (resp. U- = (uj;)) denote the m x m matrix I — Mt (resp. the
n x n matrix I — M_*). Let V4 = (vy) (resp. V_ = (v};)) denote the m x n Z3
matrix M;'N(I — M_)~! (resp. the n x m Zp matrix M_*N*(I — M;)™1).
LEMMA 3.4. There exists an isotopy hy: S2912 — §29+2 (0 < ¢t < 1, such that

ho = identity, h|y 13 a diffeomorphism ¢: ¥ — X, and ¢ induces an automorphism
(BlFo)s: Tg+1(Fo) = Te+1(Fo) such that

(@lre)«(B:) = D uikBe + Y_ vaw(ap),

(**) k=1 =1

(Blro)e(8) = D uiubi + 3 view(ax),
1=1

k=1

1<i<m,1<j<n. Moreover, each hy|p = identity.
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PROOF OF LEMMA 3.4. Regard X as a ball with trivially attached handles
RITY .. kg1 R3,... k3. Slide the (g+ 1)-handles of ¥ over each other according
to an elementary matrix decomposition of U4, as in the proof of Corollary 2.3.
Similarly slide the g-handles of ¥ over each other according to a decomposition of
U-. The restriction of the final map of the isotopy (so far) induces an automorphism
of mg+1(Fo) that takes B; to ui1B1 + -+ + UimPm, and B; to uly By + -+ + ul, By,
1<i1<m,1<j5<n

Continue isotoping ¥ as follows. By Haefliger’s embedding theorem [4] we can
represent w(a}),...,w(a,) by disjoint embedded (g + 1)-spheres Si,...,S, C Fy,
respectively. Slide each (¢ + 1)-handle h;’“ around these spheres according to the
matrix Vy; i.e. if vy # 0 then slide h;’“ around S, as in Figure 2C with h;’ and
S’é re;abeled hg'“ and S;, respectively. Extend the isotopy over the remainder of
S§29+2,

Let ¢ denote the restriction to ¥ of the final map of the isotopy that we have
described. Clearly ¢ satisfies () for 3;,...,08n. A straightforward calculation,
using the fact that

(0lFo)«(B:) - (BlRo)s(B;) =0, 1<i<m, 1<j<mn,

shows that ¢ also has the desired effect on 41,..., G},
The last condition is easily satisfied since the handle slides can avoid B. O
Now construct by isotopy the knot k', using the diffeomorphism ¢. It follows by
[9, Lemma 4] that k¥’ has L.P. matrix (A,B). O
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